In this paper, we consider the dynamic pressure in a deep-water extreme Stokes wave. While the presence of stagnation points introduces a number of mathematical complications, maximum principles are applied to analyse the dynamic pressure in the fluid body by means of an excision process. It is shown that the dynamic pressure attains its maximum value beneath the wave crest and its minimum beneath the wave trough, while it decreases in moving away from the crest line along any streamline.
Introduction
The extreme Stokes wave (figure 1), or the wave of greatest height in Stokes' own terminology, is a steady, periodic, two-dimensional flow, propagating in water of infinite depth or over a flat bed of finite depth. In general, Stokes waves are periodic, steady waves, propagating with fixed velocity. The surface profiles of these waves feature a single crest and trough per period, while the surface height above the mean level is decreasing between a crest and subsequent trough. In the case of irrotational Stokes waves, it is always the case that this surface profile is described by the graph of a function, in that there is no overhang in the profile; cf. [1, 2] .
In contrast with smooth Stokes waves, the wave of greatest height displays some unusual features such as the presence of stagnation points at the wave crests, which arise as peaks with an included angle of 120 • . Such flows were conjectured by Stokes [3] as a limit of regular surface gravity waves, whose existence he deduced from formal asymptotic series applied to the governing equations modelling inviscid, incompressible flows. Stokes' conjecture was proved almost 100 years later [4] . Let us point out that while numerical simulations in [5] seem to indicate the existence of two-dimensional irrotational symmetric periodic gravity waves having a stagnation point of the flow field inside the fluid domain and for which the horizontal water velocities near the crest exceed the wave speed, subsequent rigorous analytical considerations show that these waves are a numerical abberation; see [6] . Physically, extreme Stokes waves are unusual in that they are not the most energetic or the most impulsive Stokes wave, nor do they move with the largest velocity, cf. [7] . In this work, we shall investigate the behaviour of the dynamic pressure induced by a wave of greatest height propagating in a fluid body of infinite depth. The behaviour of the dynamic pressure in smooth Stokes waves has been recently investigated in [8] by means of maximum principles, and the reader is also referred to [9, 10] for further recent analytic results relating to smooth and extreme Stokes waves. In contrast with smooth Stokes waves, the presence of stagnation points along the free surface of the wave of greatest height requires a more intricate application of maximum principles so successfully applied in the aforementioned work. This lack of regularity means the free surface does not satisfy all the necessary criteria for the application of maximum principles in the fluid body. However, by means of an excision process it is possible to circumvent these complications, while a limiting argument allows us to extend the results to the entire fluid body, thereby providing the qualitative features of the dynamic pressure in extreme Stokes waves.
The hydrodynamic pressure distribution is composed of contributions from the atmospheric pressure, the hydrostatic pressure and the dynamic pressure generated by the passing wave, and it is this latter contribution which we shall investigate in this work. In the absence of the dynamic pressure contribution, the hydrostatic and atmospheric contributions counteract the fluid inertia, which imposes a state of equilibrium on the fluid body. The hydrodynamic pressure distribution is known to play a vital role in the dynamics of a fluid body. For instance, the pressure gradient is known to govern the velocity field and thereby the fluid particle trajectories within the fluid body. In the case of large-amplitude surface gravity waves, full nonlinearity of the model must be accounted for, which leads to the surprising result of particle drift along the streamlines of these flows, and we refer the reader to [11] [12] [13] [14] [15] [16] [17] for recent results concerning particle drift in Stokes waves, while the work [18] investigates fluid particle paths subject to Coriolis forces in periodic equatorial waves. Moreover, from a theoretical and experimental perspective the pressure induced by a gravity wave is of value when constructing the surface profile of the wave, and the reader is referred to [19] [20] [21] [22] [23] [24] [25] [26] [27] for further discussion of the recovery of periodic and aperiodic steady surface profiles from pressure data. In addition, in maritime settings where largeamplitude waves predominate, an understanding of the hydrodynamic pressure is crucial to the design of cost-effective offshore structures [28] .
The free boundary problem
In the following, we shall consider an extreme Stokes wave of fixed wavelength λ, propagating with a fixed velocity c with respect to the physical frame with coordinates (X, Y, Z). In practice, such steady waves might arise when wind-generated waves enter a remote body of still water, that is to say still with respect to the physical frame coordinates. The horizontal coordinate X corresponds to the direction of wave propagation, and, without loss of generality, we may align our axes such that c > 0. The vertical coordinate is denoted by Z while the time variable is denoted by t. Owing to the underlying two-dimensionality of the fluid motion, the remaining Ycoordinate plays no role in our further considerations. Being a periodic, steady, two-dimensional flow, without loss of generality we may restrict our considerations to the fluid throughout one period of the flow, whose closure is given bȳ
where η(X, t) is the surface height above the mean surface level Z = 0. The fluid motion is described by a time-dependent two-component vector field u = (u, w), where u(X, Z, t) denotes the horizontal velocity of the fluid element and w(X, Z, t) denotes its vertical velocity. The horizontal velocity u(X, Z, t) and pressure P(X, Z, t) are periodic in X with period λ and are symmetric about any crest line, while the vertical velocity w(X, Z, t) is λ−periodic in X and antisymmetric about the crest line. Meanwhile, the free surface profile η(X, t) is periodic in X with period λ and is also symmetric about any crest line, and possesses one peak and one trough per period, while it is strictly decreasing between any crest and subsequent trough; cf. [29] [30] [31] .
The governing equations describing the dynamic behaviour of the fluid in the physical frame are given by Euler's equation:
where ρ denotes fluid density, while
is the pressure exerted on a fluid element at (X, Z, t). There are two distinct contributions to this pressure: P A − ρgz, the hydrostatic pressure being a combination of atmospheric pressure (P A ) and static fluid pressure (−ρgZ), with the remaining contribution being the dynamic pressure P(X, Z, t) induced by the passing wave. While regular waves (that is, steady periodic waves moving with constant speed) are known to arise in the presence of underlying currents (cf. [29, 30, [32] [33] [34] [35] [36] [37] ), in this work we shall restrict our attention to irrotational flows. The density of water is dependent on the temperature, salinity and pressure exerted on that water body. Variations in water temperature observed in the ocean typically account for variations in observed fluid density of approximately 0.5%. Meanwhile, the variation in salinity accounts for a change in fluid density up to 0.2%, while density variations of up to 0.2% per kilometre are observed due to pressure variations with fluid depth [33] . Consequently, in the presence of wind-generated ocean waves, we may reasonably neglect any variation in fluid density, see [38, 39] for further discussion. Combined with the divergence theorem, this uniform density hypothesis leads to the equation of mass conservation given by
Moreover, as we shall consider wind-generated waves entering a remote area of still water, we do not need to account for the effects of wave-current interactions, which in turn ensures we may treat the flow generated by the passing wave as irrotational. This ensures that the flow satisfies the irrotationality condition
5)
that is to say, the velocity field u must be curl-free. Combined, equations (2.4)-(2.5) also ensure that both u and w are harmonic in the interior Ω. The governing equations of the fluid motion are also complimented by associated boundary conditions on the free surface Z = η(X, t) and at great depth Z → −∞:
The dynamic boundary condition reflects the decoupling of free surface motion from atmospheric motion. In addition, the kinematic boundary condition imposed on the free surface ensures that fluid particles on the free surface remains there, while the second kinematic boundary condition ensures the fluid is essentially motionless at great depth. The reader is referred to [33] for a comprehensive derivation of the system (2.2)-(2.6) for irrotational two-dimensional steady flows.
In the case of extreme Stokes waves, we make the following general observations concerning the velocity field u, the pressure P and the free surface η, all of which are observed in smooth Stokes waves [40] and in the limit of extreme waves. Each of the variables u, w and P depends on X − ct and Z, while η depends only on X − ct. Each of the variables is periodic in X, with a common periodicity λ. The free surface η, the pressure P and the horizontal velocity u are all symmetric about any crest line, while the vertical velocity w is antisymmetric about any crest line, where a crest line indicates the vertical line issuing from a wave crest into the fluid body.
In contrast with smooth Stokes waves, we no longer assume the solution of the free boundary problem is smooth, because the free surface is no longer differentiable at the wave crest and the velocity field exhibits stagnation points at the wave crest also. The presence of these stagnation points in the wave profile introduces a number of mathematical complications, which we must circumvent by excising the stagnation point and using a limiting argument. This excision method has been successfully used to analyse the hydrodynamic pressure in extreme Stokes waves as well as the particle trajectories along streamlines of the flow, in both the deep-water and shallow-water context; cf. [15, 16, 41, 42 ].
The fixed boundary problem (a) The moving frame system
Since the extreme Stokes wave is a steady waveform moving with fixed phase speed c, it is natural to investigate its behaviour in the moving frame coordinates
In the moving frame, the solution of the free boundary problem, given by 
where Ω denotes the interior of the fluid domain:
The incompressibility and irrotationality of the flow ensure 
and w = 0 on z = 0,
which completes the free boundary problem.
Owing to the periodicity of the extreme Stokes wave solution {u, w, P, η}, we may restrict our considerations to the portion of the fluid body given by
and
These regions share a common boundary given by the crest line
which we abbreviate as {x = 0}. In addition, these internal domains are bounded above by the free surface segments
while also being bounded laterally by the trough lines Noting this, the free-boundary problem may then be reformulated as a linear elliptic problem for ψ coupled with a nonlinear boundary condition at the free boundary, given by
The nonlinear boundary condition is a reformulation of the Bernoulli condition (restricted to the free surface), given by
which is interpreted as a form of energy conservation throughout the closure of the fluid domain Ω. The constant Q is the hydraulic head, and the reader is referred to [8, 15, 33] for further discussion of its physical significance.
(ii) The velocity potential
Irrotationality of the flow ensures the velocity field u may be written in terms of a velocity potential ϕ, according to
and again the fact that the flow is both irrotational and incompressible also ensures the velocity potential is harmonic in the interior of the fluid domain. Integrating, we find that the velocity potential may be written according to
where the integration constant is chosen such that φ(0, z) = 0. The λ−periodicity of the vector field also ensures ϕ(x + λ, z) = ϕ(x, z) − cλ. is a conformal mapping (in the interior) of the fluid domain onto a fixed boundary domain. Under this hodograph transform, we find that the interiors Ω + and Ω − map to the interiorŝ
while the free surface segments S + and S − map to the horizontal segmentŝ we note that h is manifestly harmonic in the fluid domain Ω, and because the hodograph transform is conformal in the interior, it follows that h is harmonic in the conformal domainΩ; cf. [43] . The boundary value problem given by equation (3.11) may be written as a fixed boundary problem in the conformal domain according to
This reformulation of the free boundary problem is valid in the interiorΩ and by Carathéodery's theorem (cf. [44] ) the problem has a continuous extension to the boundary ∂Ω (see [15] for further discussion). Nevertheless, the lack of regularity at the wave crest (q, p) = (0, 0) means the function h is not differentiable nor is the hodograph transform invertible there. This is further illustrated by the following transformations between the bases {∂ x , ∂ z } and {∂ q , ∂ p }:
where we observe that {∂ q , ∂ p } are not defined at the stagnation point. 
The dynamic pressure (a) The uniform limiting process
The following nonlinear integral equation due to Nekrasov [45] may be derived from the Bernoulli condition for a solution of the free boundary problem in equation (3.11) (see [46] , pp. 409-413 for a full derivation):
and was used in [47] to prove the existence of the wave of greatest height. The function θ(s) is interpreted as the local slope of the free surface solution of system (3.11), namely
while the parameter s is interpreted as follows: under the action of a second hodograph transform, the point (x, y) ∈Ω is mapped to a point in the punctured unit disc σ = ρe is ∈ D, where ρ = 1 corresponds to the free surface, while ρ = 0 corresponds to the point y = −∞. The parameter μ is given by
Conversely, given a solution to equation (4.1) for μ > 3, it can be shown to correspond to a deepwater solution of (3.11) for periodic, irrotational, inviscid flows.
In particular, the case μ → ∞ corresponds to U 0 → 0, that is to say, a solution in which a stagnation point occurs at the wave crest. Given an unbounded sequence {μ n } with corresponding solutions {θ n (s)}, it may be shown that θ n (s) converge weakly to some θ(s) = 0, with respect to the L 2 ([0, 2π ])-norm. Moreover, by means of the dominated convergence theorem, it may be shown that θ n (s) converges strongly to θ (s) with respect to the same norm. As such, the existence of a solution for μ → ∞ or U 0 → 0 has been shown to exist; cf. [47] . Finally, it may be shown that the strong limit θ n (s) → θ (s) satisfies the following:
(i) the Fourier series of θ (s) is given by
cos(nt) ln t 0 sin θ(ω) dω dt sin(ks);
(ii) this Fourier series is uniformly convergent for s ∈ (0, π ], and as such θ(s) is continuous on [−π , 0) ∪ (0, π ]; (iii) θ(s) is discontinuous at s = 0.
In this manner, the wave of greatest height is realized as a uniform limit of regular Stokes, and in particular this allows us to deduce several features of the extreme wave from the corresponding behaviour of smooth surface gravity waves. Extending these methods, the work [4] confirmed that the surface profile is analytic at every point away from the wave crest, which was also shown to have an included angle 2π/3, that is to say lim s→0 + θ(s) = π/3. The remaining aspect of Stokes conjecture, namely the convexity of the surface profile (x, η(x)) between successive wave crests, was proved in [48] , and the reader is referred to [49, 50] for further discussion relating to the existence and regularity of Stokes waves of extreme form. 
(b) Main result
Equation (2.3) written with respect to the moving-frame coordinates yields the following form for the dynamic pressure:
the latter terms on the right-hand side above corresponding to the hydrostatic pressure at fixed depth z. Recalling equation (3.12), Bernoulli's condition along the free surface combined with the dynamic boundary condition P(0, η(0)) = P A ensures that
Hence, the dynamic pressure may be reformulated as
Using this form of the dynamic pressure, we now prove the main result of this paper.
Theorem 4.1. In an extreme Stokes wave, the dynamic pressure attains its maximum value beneath the wave crest, while its minimum value occurs beneath the wave trough.
Proof. As w is antisymmetric in the case of regular almost extreme Stokes waves (cf. [40] ), it follows that in the uniform limit of the extreme Stokes wave this property of w is preserved. Thus, for the extreme wave, we find that w = 0 along the crest line {x = 0}, while periodicity in the x-variable also ensures w = 0 along the trough line {x = λ/2}. In the conformal domainΩ + , this corresponds to w = 0 along {q = 0} and {q = cλ/2}.
As the boundary ∂Ω + ε is not regular at the wave crest, nor is the velocity field u differentiable there, this means the requisite conditions for the application of maximum principles are not in place; see [51] for further discussion. However, as the velocity field and free surface are realanalytic at every point away from the wave crest, we may circumvent this issue by applying maximum principles in the excised conformal domain Ω + ε (cf. figure 3) . This is the domain obtained fromΩ + by cutting a quarter disc of radius ε > 0 centred at the wave crest (q, p) = (0, 0), and whose boundary ∂Ω + ε is regular. Thus, in the excised conformal domain w is harmonic in the interiorΩ + ε and continuous along the boundary ∂Ω + ε (indeed w is analytic along the boundary), while it attains its minimum value along the lateral edges. Hence, the strong maximum principle ensures w q (0, p) > 0 for p ∈ (−∞, −ε) and w q ( cλ 2 , p) < 0 for p ∈ (−∞, 0). As ε > 0 was chosen arbitrarily, we deduce that w q (0, p) = 0 for p ∈ (−∞, 0). Consequently, as w vanishes along the lateral edges of the fluid domain Ω + and the conformal domainΩ + , the irrotationality condition along with the linear system (3.22) ensures
having used u − c < 0 for every point away from the wave crest. Differentiating equation (4.6) with respect to z, and using w = 0 along the lateral edges and u − c < 0 away from the wave crest, it follows that
Given any streamline in the interior {(x, z(x)) : x ∈ (0, λ/2)} ⊂ Ω + , differentiating the dynamic pressure along such a streamline, we find
It is known that u x is strictly decreasing along any streamline when moving between any crest line and subsequent trough line (see [15, 16] for further discussion) and as c − u > 0 away from the wave crest, it follows that P x (x, z(x)) < 0 for x ∈ (0, π ). (4.10)
That is to say, the dynamic pressure is strictly decreasing along any streamline as we move between a crest line and subsequent trough line. Along the free boundary (x, η(x)) we have
with the pressure gradient being identically zero only at the wave crest and wave trough; cf. [41, 42] . In relation to the dynamic pressure, equation (4.4) then ensures P x (x, η(x)) = P x (x, η(x)) + ρgη (x). (4.12)
As the surface profile (x, η(x)) is convex for x ∈ [0, λ], we have η (x) < 0 for x ∈ (0, π ). Moreover, considering only the right-hand derivative of η at x = 0, we have lim x→0 + η (x) = −1/ √ 3 at the wave crest, while η (λ/2) = 0 at the wave trough. Hence P(x, η(x)) is decreasing along the free surface between the wave crest and the wave trough.
As the interior Ω + maps to the interior ofΩ + under the hodograph transform, if we can show that the dynamic pressure P attains no extreme values in the interior of the conformal domain, then it follows that the dynamic pressure does not possess any extrema within the interior of the fluid domain. Within the interior of the conformal domain, the dynamic pressure is given by P(q, p) = ρgh(0, 0) − ρ 2 ((u(q, p) − c) 2 + w(q, p) 2 ). (4.13)
As the hodograph transform is conformal and the velocity field is harmonic in the interior of the fluid domain, it follows that the velocity field is also harmonic in the interior of the conformal domain; see [43] . Combined with the incompressibility condition and the irrotationality condition, it follows that P + b 1 (q, p)P q + b 2 (q, p)P p = 0 Crucially, as (u(q, p) − c) 2 + w(q, p) 2 > 0 in the interior of this excised conformal domain, this ensures that the coefficients b 1 (q, p) and b 2 (q, p) remain bounded in the interior ofΩ + ε . Combined with the continuity of P along the boundary ∂Ω + ε , we may now apply maximum principles to the linear elliptic problem in equation (4.14) . Indeed, Hopf's maximum principle now ensures that unless P is constant throughout the excised conformal domainΩ + ε , it cannot attain extreme values in the interior of this domain; cf. [33] ch. 3. As the parameter ε > 0 is arbitrary, it follows that the dynamic pressure never attains its extreme values in the interior of the conformal domain Ω + , and hence the dynamic pressure P cannot attain an extreme value in the interior of the fluid domain. Combined with the behaviour of this dynamic pressure on the boundary ∂Ω + elucidated above, we ensure that theorem 4.1 is valid. In figure 4 , the qualitative features of the dynamic pressure gradient are illustrated. This conforms with the behaviour of the dynamic pressure in smooth Stokes waves propagating over a flat bed of finite depth; cf. [8] .
